Schottky Conjecture is analytically proved for multi-stage field emitters consisting on the superposition of rectangular or trapezoidal protrusions on a line under some specific limit. The case in which a triangular protrusion is present on the top of each emitter is also considered as an extension of the model. The results presented here are obtained via Schwarz-Christoffel conformal mapping and reinforce the validity of Schottky Conjecture when each protrusion is much larger than the ones above it, even when an arbitrary number of stages is considered. Moreover, it is showed that it is not necessary to require self-similarity between each of the stages in order to ensure the validity of the conjecture under the appropriate limits.
INTRODUCTION
One of the great achievements of Quantum Mechanics to Solid State Physics is to provide theoretical explanation for the emission of electrons from surfaces when a strong electrostatic field is applied [1] [2] [3] [4] , a process usually referred as Field Emission. This is an old topic of research but still full of important opened questions concerning the nature and modeling of this phenomenon [5] [6] [7] [8] . Besides the scientific and academic purposes, Field Emission is a topic of fundamental importance to technological developments and applications [9] [10] [11] [12] [13] , specially in the cold field emission regime [1-4, 14, 15] . Some of these applications include field emission displays, vacuum micro and nanoelectronics, satellite subsystems, mass spectrometers and even electrodynamics space tethers [16, 17] . The theory of Cold Field Electron Emission was recently reformulated [14, 15, 18] , allowing for a better connection to experimental data. This includes the case of materials promising to emit electrons even under low applied electrostatic fields [19] .
In particular, Single Tip Field emitters (STFE) [20] [21] [22] [23] [24] [25] [26] are of greater interest. This happens because strong electric fields are required to extract electrons from surfaces, usually from the order of a few volts per nanometer. Thus, geometries requiring corners, edges and tips are often studied, since they provide higher values of Field Enhancement Factor (FEF), defined in the following equation by the ratio between the absolute value of the electric field at some point r on the surface of the emitter, |E(r)|, and the absolute value of the applied electric field, |E 0 |:
For this reason, applications involving STFE with very large aspect-ratios are often used. Nevertheless, STFEs with large aspect-ratios may involve some limitations due to the lack of mechanical stability. This problem may be solved by considering multi-stage structures, since these are able to provide mechanical stability together with significant increasing of the FEF, leading to intense theoretical investigation [20, 23, 24, [27] [28] [29] 32] . Some times multi-stage emitters appear even at unexpected situations. For instance, the growth of nanotubes on carbon cloth may lead to extremely high values of FEF, such as 18800, obtained via the Fowler-Nordheim plots for Large Area Field Emitters (LAFE) [30] . The mechanism leading to these giant values of FEF remained obscure until a deep study with Transmission Electron Microscope (TEM) reveal that the fibers grown on carbon cloth via thermal Chemical Vapor Deposition (CVD) may feature a multi-stage structure [31] .
In general, it is not trivial to determine the FEF of a multistage structure. Nevertheless, in 1923 a conjecture proposed by Schottky states that the FEF of a multi-stage structure would be the product of the FEFs of each of the individual stages [27] . It is well known that this conjecture, often referred in the literature as Schottky Conjecture (SC), is not correct in general, although it predicts a very good approximation for the FEF of a multi-stage emitter when each of the protrusions is much smaller than the ones in which they are placed on. Indeed, SC is analytically proved to be valid under these limits in the case of a two-stage field emitter consisting of a rectangular protrusion placed on the center and the top of another rectangular protrusion on a line [28] . Latter, SC was also analytically proved for the case in which a triangular protrusion is placed on the center and the top of a rectangular one on a line, under the same limits [20] , a result pointing out that the lack of self-similarity does not affect the validity of SC under these conditions. Surprisingly, different surveys based in many different methods have also verified the validity of SC at some significant region beyond the aforementioned situation [20, 23, 24, [27] [28] [29] 32] .
By using physical intuition, it might be expected that SC should be valid when a protrusion of very small dimensions acts like a perturbation placed over a much larger one. This happens because the smaller protrusion will experience, with very good approximation, the external field provided by the larger protrusion under the applied electrostatic field, which will not be significantly affected by the smaller protrusion, that simply represents a negligible perturbation. This logical path naturally yields SC as an expected result. Despite the simplicity of this argument, there is no general proof of SC, except for the very particular cases presented in [20, 28] . Moreover, there is no analytical demonstration of SC for multi-stage field emitters even in this situation, although there are interesting evidences obtained from techniques using charge-models [32] [33] [34] . Indeed, there is no analytical proof of SC even in the case of the superposition of two cylindrical protrusions, the case originally studied by Schottky when he proposed his conjecture [27] . Nevertheless, some point-or line-charge models are able to provide shapes of emitters very similar to the case of ideal geometries, such as superimposed spherical, elliptical or cylindrical protrusions, and it is proved that these models may provide the FEFs predicted by SC for the idealized structures under certain limits [33, 34] .
Recent results obtained in Ref. [34] with line-charge models provide less than 70% of agreement with SC even under the limits in which the conjecture is expected to be valid. It is possible that these results may be a consequence of the limitations of the techniques used, which provide a deformation of the stages when they are superimposed, compared to the single-stage situation, yielding this blatant disagreement with SC. Notwithstanding, the survey in Ref. [34] also points for the need of investigation and more general proofs of SC even under the limits in which the conjecture would be expected to be trivial. The present work intends to provide some contribution in this direction.
In the present manuscript SC is analytically proved via Schwarz-Christoffel conformal mapping [35, 36] for an arbitrary number of stages consisting of isosceles trapezoidal or rectangular protrusions, such that each protrusion is placed on the center of the top of another protrusion and has dimensions much smaller than the ones from the lower stage. For simplicity of the calculations, high aspect-ratios are also required. Finally, the case in which a triangular protrusion is placed on the center of the top of these structures is also considered. By proving SC for an arbitrary number of stages with some generic (trapezoidal or triangular) shape, this work expects to reinforce the validity of SC for arbitrary shapes under the apropriate limits, since the (n-1) upper stages in a nstage emitter can be viewed as a two-stage structure with some generic shape of the upper protrusion.
In section II SC is proved for a multi-stage emitter compounded of rectangular protrusions, one placed on the center of the top of the lower one, such that the dimensions of any protrusion are much smaller than the dimensions from the lower one and each protrusion has high aspect-ratio. In Section III this demonstration is done for the case in which a triangular protrusion with high aspect-ratio and much smaller dimensions is placed on the center of the top of the upper protrusion. In Section IV the evaluation in section II is repeated for the case of isosceles trapezoidal stages and in Section V the case of Section IV is considered with a triangular protrusion of much smaller dimensions and high aspect-ratio centered in the apex. In Section VI a summary of the results and the conclusions are presented.
PROOF OF SC FOR MULTIPLE RECTANGULAR STAGES

FIG. 1.
Emitter compounded of an arbitrary number, n, of rectangular protrusions of height h j and half-width b j ( j ∈ {1, 2, ..., n}) .
Consider at first a two-dimensional emitter with the geometry determined by the polygonal line displayed on the z=x+iy→(x,y)-plane in Fig. 1 , consisting of n central rectangular protrusions of height h j and half-width b j , with j ∈ {1, 2, ..., n}. The Schwarz-Christoffel transformation mapping the u-axis in the w=u+iv→(u,v)-plane into the polygonal line in Fig. 1 is given by the expression
where the parameters u j and v j satisfy the following correspondences between points in the w-and z-planes ( j ∈ {1, 2, ..., n}):
Based on the Riemann Mapping Theorem [37] , one is free to choose three pre-images of the conformal mapping. Since the region outside the emitter can be viewed as a polygon with one vertex at infinity, there are two other arbitrary pre-images to choose [38] . For instance, one can choose z(w = u 0 ≡ 0) = iH, where H ≡ n j=1 h j , and u 1 = 1. The correspondences for w = u 0 ≡ 0 and w = u 1 ≡ 1 lead to the equations
Finally, these results together with the remaining correspondences lead to the following system of equations:
where the first equation comes from the correspondences for u j ( j ≥ 2) and the second equation comes from the correspondences for v j ( j ≥ 1).
The FEF on the top middle of the upper protrusion (w = 0) is given by
Thus, the remaining task in order to determine this FEF is to solve the system of integral equations displayed in Eq. (5) for the parameters u j and v j . This is a hard task that becomes analytically feasible in the limit
Under this limit the following approximations are valid for the integrals in Eq. (5):
With all these approximations, Eq. (5) reduces to the following system;
that leads to the final equation
Thus, after using this result in Eq. (6), the expression for the FEF on the top middle of the structure can be easily obtained:
Since the FEF on the center of the top of a single rectangular protrusion of height h 1 and half-width b 1 on a line is given by γ 1 = πh 1 4b 1 , when the aspect-ratio of the protrusion is very large [28] , Eq. (13) At this section it is considered the case in which there is an isosceles triangular protrusion on the center of the top of the highest rectangular protrusion, for the field emitter studied in the previous section, see Fig. 2 . In this case, the SchwarzChristoffel transformation mapping the u-axis in the w = u + iv → (u, v)-plane into the polygonal line displayed in Fig. 2 in the z = x + iy → (x, y)-plane is given by:
where α = 
For j ∈ {1, 2, ..., n}, the other correspondences from the Schwarz-Christoffel transformation,
together with the previous equations to obtain;
By solving the system in Eq. (17), one can find the parameters u j and v j ( j ∈ {1, 2, ..., n}) and then obtain the FEF close to the triangular apex (w ≈ 0), given by:
But near w ≈ 0, Eq. (14) reduces to
Thus, the final expression for the FEF will be
Since A is determined from Eq. (16), it remains to solve the system in Eq. (17) in order to obtain the parameters u j and v j in Eq. (20) and find the FEF expression for an arbitrary point (x, y) close to the apex. Again an analytical solution of the system of equations is only feasible under some specific limit. This is the limit
This assumption leads to the following approximtions, in analogy to the ones in the previous section:
Finally, Eq. (17) reduces to,
Thus, a simple manipulation of the previous equations leads to;
Besides that, Eq. (16) can be approximated to
Substituting these results in Eq. (20), the final expression for the FEF close to the apex of the emitter van be obtained:
where ξ(x, y) = x 2 + (y − H) 2 .
Eq. (26) shows that under the limit In this section the FEF on the center of the top of an emitter consisting of n superimposed trapezoidal stages is considered, see Fig. 3 . The emitter is such that each trapezoidal protrusion is isoceles and placed on the center of the top of the other protrusion and each stage has dimensions much larger than the ones from the protrusions placed above. For simplicity of the calculation, only high aspect-ratios are considered. The Schwarz-Christoffel transformation mapping the u-axis in the w=u+iv→(u,v)-plane into the polygonal line in Fig. 3 is given by the expression
where ( j ∈ {1, 2, ..., n}) α j = (1/π) arctan h j b j −a j corresponds to the angles of the lower base of each trapeze with the adjacent sides and the parameters u j and v j satisfy the following correspondences ( j ≥ 1) between points in the w-and z-planes: z(w = u j ) = a j + i n k= j h k and z(w = v j ) = b j + i n k= j+1 h k . Based on the Riemann Mapping Theorem [37] , one can choose z(w = u 0 ≡ 0) = iH, where H ≡ n j=1 h j , and u 1 = 1. The correspondences for w = u 0 ≡ 0 and w = u 1 ≡ 1 lead to the equations
where the first equation comes from the correspondences for u j ( j ≥ 2) and the second equation comes from the correspondences for v j ( j ≥ 1). These equations can be combined and lead to the following one:
In the limit
... << u n << v n , the following approximations are valid:
Finally, Eq. (31) with these approximations leads to;
which after the use of the Reflection Formula of the gamma function results:
From Eq. (27) , it is easy to see that the FEF on the top middle of the structure (w = 0) can be expressed by
Thus, the FEF on the center of the apex of the emitter is given by:
Comparison with the FEF on the top middle of an isosceles trapezoidal protrusion with high aspect-ratio on a line [29] shows that the FEF evaluated in Eq. (37) is given by the product of the FEFs of each of the n trapezoidal protrusions on a line. Thus, SC is proved for the emitter considered along this section under the previously mentioned approximations. As expected, Eq. (13) is recovered from Eq. (37) when α j = 1/2 for all j ∈ {1, 2, ..., n}, since in this case the trapezoidal protrusions become rectangular. Finally, the case of the emitter from the last section with a triangular protrusion placed on the center of the top of the highest trapezoidal stage will be considered, see Fig. 4 . The Schwarz-Christoffel transformation mapping the u-axis in the w=u+iv→(u,v)-plane into the polygonal line in Fig. 4 is given by the expression
These results together with the remaining correspondences lead to the following equations ( j ≥ 1):
After inserting the previous approximations and using the Gamma function reflection formula, Eq. (43) reduces to Eq.
.
From Eq. (38), the FEF near the apex of the triangular protrusion (w ≈ 0) is given by;
Besides that, Eq. (38) also leads to
Thus, under the aforementioned approximations, the expression for the FEF in the vicinity of the apex of the emitter in Fig. 4 is given by
where γ j and γ T are defined by the following equations:
and ξ(x, y) = x 2 + (y − H) 2 . Eq. (49) shows that the FEF in the vicinity of the apex of the emitter in Fig. (4) is explicitly written as the product of the FEFs of each of the trapezoidal stages on a line (γ j ) and the FEF close to apex of a triangular protrusion on a line (γ T ). Thus, SC is proved. By considering α j = 1/2 for all j ∈ {1, 2, ..., n}, the trapezes become rectangles and the result in Eq. (26) is recovered.
CONCLUSIONS
In the present work Schwarz-Christoffel conformal mapping [35, 36] was used to perform a completely analytical proof of SC for multi-stage field emitters in the limit in which each stage has much larger dimensions than the ones from the stages above. For simplicity of the calculations, only geometries with high aspect-ratio were considered, such that the FEFs corresponding to each of the single stages on a line can be evaluated by a simple analytical expression with no need of solving integral equations [28, 29] . The geometries considered here involve rectangular, trapezoidal and triangular shapes for the stages of the emitter and each stage is placed on the center of the top of another one. The number of stages is completely arbitrary.
The results obtained suggest the validity of SC for multistage field emitters with generic shape of the stages, even when there is lack of similarity between the stages, as long as the dimensions of any stage are much larger than the dimensions from the stages above and one stage is placed on the center of the top of another one. Moreover, this is the first analytical proof of SC for an arbitrary number of stages.
As a limitation of the Schwarz-Christoffel technique, only ridge emitters are considered along this work. Nevertheless, the theoretical conclusions obtained from the completely analytical results derived along this manuscript are expected to be valid in a much broader sense.
